Name:

Instructor:

Math 10550, Exam III
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Multiple Choice

1.(6 pts.) Estimate the area under the graph of y = f(x) between x = 0.5 and x = 2.0,
using a Riemann sum with three equal subintervals, using the left-hand endpoints.
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The left end point approximation with n = 3 is the area of the shaded region above,
which is 6 x (0.5)% = 1.25.

Sfix)

(a) 3.0 (b) 2.0 () 15 (d) 1.0 (e) 4.0

2.(6 pts.) Find lm n(n + 162(32” +1

i n(n+1)(2n+1)_11. (mn+D@2n+1) 1 (n+1) ’ 2n+1) 2 1
e 6n? G ne n?  6nooo  n ne n 6 3
(a) oo (b) 1 () 1/6 (d) 0 (e) 1/3
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3.(6 pts.) Find the equation of the slant asymptote as x — oo of the function

213
223 2
Using long division, we see that A J* + ’
x?2—1 ) x?—1
Therefore lim, o [f(z) — 22] = lim, 2—:51 = 0.
l‘ p—

Therefore y = 2z is a slant asymptote to the graph of the function f(x).

() y=0 (b) y=2 () y=—u+2
(d) y=—-2x (e) y=2zx+1

4.(6 pts.) In finding an approximate solution to the equation z* — 223 — 5 = 0 using
Newton’s method with initial approximation x; = 2, what is x5?

We have
fw) 1)

Xo = T1 —

f'(x1) f'2)
f'(x) = 42® — 62% and f'(2) = 4(2) — (5) 32 —24 =8.

Also f(2) =2'—2(2%) -5=16 — 16 — —5.

Therefore —5) - 5
$2:2—T:2+§:§

(a) 5/8 (b) 18/5 (c) 2/5 (d) 21/8 (e) 11/8
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5.(6 pts.) The graph of the function v(t) is given below:

1% 3

3 2

5 1
0723456t

! 1

0723456t 2

- V(1) /

4
Find / ot) dt.
0
4
The definite integral / v(t)dt is the net signed area of the graph between 0 and 4. From
0

the picture, we can see that the net signed area is —(area of rectangle shown above) = —4.
(a) —4 (b) 0 (c) 4 (d) -2 (e) 2

6.(6 pts.) Find an antiderivative F(x) of f(z) = 2z + 3/ satisfying F(1) = 4. Which
of the following is F'(4)?
9p2 432
Flr) = — — = 22 4 22/2 .
(x) 2+33/2+C’ x4+ 227+ C

F(1) = 4 implies that 12 4+ 2(1)%2 + C' = 4 which implies that 1 + 2 + C = 4, which
implies that C' = 1.
Therefore F(x) = 2% 4+ 22%? + 1 and F(4) = 4% +2(4)*? +1 =16 +2(8) + 1 =[33|.

(a) 16 b) 9 (c) 27 (d) 33 () 7
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7.(6 pts.) Evaluate the Riemann sum for f(z) = 2 — 2? with 0 < z < 2, using four
subintervals and taking the sample points to be the right-hand endpoints of the inter-
vals.

We use 4 subintervals, with length Az = = 1/2 and endpoints
Zo :O, xry = 1/2, To = 1, T3 :3/2, Ty = 2.

We make a table of values of function values at the endpoints:

z; 0[1/2]1] 3/2 | 2
fla)=2—222 2| 7/4 1| —1/4] =2

The value of the Riemann sum using the right end points with n =4 is
Ry = f(z1)Az + f(z2) Az + f(xs3)Az + f(2z4) A

= Ax[f(z1) + f(x2) + f(23) + f(24)]
—1/2[7/4+1—1/4—2] = 1/2[2/4] = 1/4

(a) 0.2 b) 15 (c) 25 (d) 025 (e) 0.36

2
8.(6 pts.) By interpreting the integral as an area, evaluate / (4 — 2)Y2 dx.
—2
The graph of y = (4 — x2)1/ 2 is a semicircle of radius 2 as shown below. (since squaring
both sides gives y? = 4 — 2% and (4 — 2%)1/2 > 0.

2

The value of the definite integral / (4 — 2%)Y2 dx is the area under this curve between
—2
-2 and 2. The area under the curve between -2 and 2 is one half of the area of a circle

with radius 2. Therefore we get

2
1
/ (4 — )Y dx = §7r4 = 2.

2
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2 2
T +\/Ed:v.

T

9.(6 pts.) Evaluate

—

2

2 9 2 2
/ T +\/de: x+x*1/2dxzx—+xl/21/2
1 z 1 2

1

=§+2\/_—[%+2}: 2\/_—%.

() 2‘? (b) 3v2 (c) 2\/§+%
(d) V2+2 (e) 2\/_—%

4
10.(6 pts.) If F(z) = / (t+1)dt, find F'(x).
We use the chain rulg:

Fl(z) = %/:(H 1) dt — %/i” 1)dt‘il—f (2?4 1)20 = —22(22 4 1),
(a) —22%— 22 (b) 223+ 2z (c) 2*+1
(d) = (e) T +x
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Partial Credit
You must show your work on the partial credit problems to receive credit!
11.(10 pts.) A rectangle CODP (with sides CP and OD parallel to the z-axis) is
inscribed in the region bounded by the lines x 4+ y = 4 and the coordinate axes, with the

corner P being on the line segment AB (including possibly at A or at B).

(a) Write the area A(z) of the rectangle in terms of z, the z-coordinate of P.

A
Yy
A
xt+ty=4
c P\
0 D B

We have |OD| = z and |DP| = 4 — z, where |OD| and |DP| denote the length of the
corresponding line segments. Therefore A(z) = 2(4 — z) = 4z — 2%

(b) What is the range of possible values of x?

Since we allow A and B as corners of the rectangle, x may take any value from the
interval [0, 4].

(c) Find the value of x that maximizes the area A(z). For full credit, you must show
that your answer maximizes A(z).

We must find the maximum of the continuous function A(x) on the closed interval [0, 4].
We know that the maximum occurs either at a critical point or at the end points.

Critical Points: A'(z) = 4 — 2. We have a critical point where 4 — 2z = 0 or [z = 2|,

To verify that we have a maximum of the function A(x) at x = 2, we compare function
values:

A(0)=0, A(2)=4, A@4)=0.
By comparison, we see that the area is maximized when .
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12.(10 pts.) A ship is sailing along the path y = 3z + 1 (with units being nautical
miles). A lighthouse is located at the point (1,1). How close does the ship come to
the lighthouse? For full credit, be sure to show why the answer you have found is the
minimum distance.

Hint: It might be easier to first minimize the square of the distance from the ship to
the lighthouse.

A point on the ship’s path has co-ordinates (x,y) = (x, 3z + 1).
The_distance from such a point to the point (1, 1) is given by

D(x)=+(x—1)2+Br+1—1)2
= /(z —1)2 + (3z)2
=2 —2r+ 1+ 922

=v1022 — 22 +1

To find the minimum of D(x), we look at the critical points of the function.
1 20x — 2 20x — 2
D'(x) =~ ‘ - ’ .
21022 =2z +1  2y/1022 — 2z + 1

The critical points occur when D’(x) = 0 or D’(x) does not exist.

Since 1022 — 2z 4+ 1 = (z — 1) 4+ (3z + 1 — 1)? has no zeros (because the point (1,1) is
not on the curve y = 3z + 1), we can conclude that D’(z) exists everywhere.

D'(z)=0 if 200 —2=0 or |z =1/10.

Since
20(z — 1/10)

21022 — 22 + 1
we have D'(x) > 0if x > 1/10 and D'(z) < 0 if < 1/10. This tells us that D(z) has a
global minimum at x = 1/10.

D'(z) =

When z = 1/10, the distance between the ship and the lighthouse is

3v10
10

D(1/10) = 1/10/100 — 2/10 4+ 1 = 1/90/100 =



Name:

Instructor:

zvr? + 1
x2—1

(a) Find the equations of all horizontal asymptotes of y = f(z).

13.(10 pts.) Let f(z) =

V2 +1 (Va2 +1)/2* (Vaz+1)/x i (Va2 +1)/V?

lim —— =1 = lim ————— 2~ —
i 22— 1 amse (22— 1)/22  amee 1—1/22  ame 1 1/2?
. A1+ 1/2?
= lim Y———— =1
z—oo 1 —1/x2
.o+ 1 . (a2 +1) /22 . (Va4 1)/x . (Va4 1)/ (—va?)
lim —— = lim = lim —%— = lim
a——oc0 12 —1 r——oo (22 —1)/22 g——o0 1 —1/22 z——00 1—1/a?
. —/14+1/2?
= lim —/—— =-1
z——00 1 —1/x?
Therefore the lines y = 1 and y = —1 are horizontal asymptotes to the graph of
y = [f(x).
(b) Find the equations of all vertical asymptotes of y = f(x).
The lines = 1 and x = —1 are vertical asymptotes to the graph of y = f(z), since
.oavar+1
lim ——— =

and
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14.(10 pts.) A particle is moving along a vertical axis, with the upward direction positive.
Its velocity at time ¢ > 0 (measured in seconds) is v(t) = 8 — 6t (measured in meters per
second). Its position at time ¢ is s(t), with s(0) = 0.

(a) Find s(t). Find a time ¢ > 0 for which s(t) = 0.

v(t) =8 — 6t
6t )
s(t) =8t — o +C =8t -3+ C

s(0)=0 — C=0
S(t)=0if 8 —3t2=0if t(8—3t) =0ift =0 or |t = 8/3|

(b) At the time found in part (a), at what speed is the particle moving, and in what
direction?

6-8
Whent:8/3,v(t):8—T:8—16:—8.

The speed at this time is 8 meters per second and the particle is moving downwards.
(c) Find the total distance that the particle travels between t = 0 and ¢ = 1.

The total distance traveled is given by

1 1
/|U(t)|dt:/ 18 — 6t] dt
0 0

Since 8 — 6t > 0if 0 <t <1, we have
1

1 1
/|8—6t]dt:/(8—6t)dt:(8t—3t2)‘0:(8—3)—0:5meters
0 0

10
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